Multi-mode entangled coherent states are important resources for linear optics quantum computation and teleportation. Here we introduce the generalized balanced N-mode coherent states which recast in the multi-qudit case. The necessary and sufficient condition for bi-separability of such balanced N-mode coherent states is found. We particularly focus on pure and mixed multi-qubit and multi-qutrit like states and examine the degree of bipartite as well as tripartite entanglement using the concurrence measure. Unlike the N-qubit case, it is shown that there are qutrit states violating monogamy inequality. Using parity, displacement operator and beam splitters, we will propose a scheme for generating balanced N-mode entangled coherent states for even number of terms in
Introduction
Coherent states, originally introduced by Schrodinger in 1926 [1] , refer to a special kind of pure quantum-mechanical state of the light field corresponding to a single resonator mode which describe closest quantum state to a classical sinusoidal wave such as a continuous laser wave.
However, for multi-mode fields, the prospects for nonclassical effects become even richer as long as the field states are not merely product states of each of the modes which means that the multi-mode is entangled state [2] .
Entangled coherent states have many applications in quantum optics and quantum information processing [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . Communication via entangled coherent quantum network is investigated in [13] where it is shown that the probability of performing successful teleportation through this network depends on its size. The nonlinear Mach-Zehnder interferometer is presented as a device whereby a pair of coherent states can be transformed into an entangled superposition of coherent states for which the notion of entanglement is generalized to include nonorthogonal, but distinct, component states [6, 14, 15] . In [16] , it is proposed a scheme for generating multipartite entangled coherent states via entanglement swapping, with an example of a physical realization in ion traps and then bipartite entanglement of these multipartite states is quantified by the concurrence. The required conditions for the maximal entanglement in superposed bosonic coherent states of the form |ψ = µ|α |β + ν|γ |δ , (
have been studied in references [17, 18] , and subsequently have been generalized to the state |ψ = µ|α |β + λ|α |δ + ρ|γ |β + ν|γ |δ , (1.2) in Ref. [19] . In Ref. [20] the generation of multipartite entangled SU (k +1) coherent states using a quantum network involving a sequence of k beam splitters have been investigated. Based on Glauber coherent states, the even and odd three-mode Schrodinger cat states and limita-tions to sharing quantum correlations known as monogamy relations have been investigated in Ref. [21] .
In this paper we consider the generalized balanced N-mode Glauber coherent states of the form
which is a general form of the balanced two-mode entangled coherent state |ψ bal = 1 √ N (|α |α + |β |β ). As two coherent states are in general nonorthogonal, they span a two dimensional qubit like Hilbert space {|0 , |1 }. Therefore, balanced two-mode coherent state |ψ bal can be recast in two qubit form i,j=0,1 a ij |ij . The same argument can be formulated for other two modes coherent states such as
if the set {|α , |β , |γ } are linearly independent, i.e. when they span the three dimensional qutrit like Hilbert space {|0 , |1 |2 }. Hence |ψ bal can be recast in two qutrit form |ψ bal = 2 i,j=0 a ij |ij . One may proceed in the same manner and represent the generalized balanced N-mode Glauber coherent states |Ψ
as the multipartite qudit state The outline of this paper is as follows: In section 2 we begin with a rather simple case,
i.e. multi-mode qubit like coherent states. Using concurrence measure we find the necessary and sufficient condition for maximally bipartite entanglement of these sates. Furthermore, mixed states and monogamy inequality is investigates in this section. Section 3 devoted to the pure and mixed multi-qutrit case. It is shown that there are qutrit like states in which the monogamy inequality is violated. The necessary and sufficient condition for separability of generalized balanced multi-mode coherent states is found in section 4. In section 5, we propose a scheme to produce the generalized balanced N-mode coherent states with superposition of even terms. Concluding remarks close this paper.
Multi-qubit case
We begin our discussion by recapitulating some fundamental notions of coherent states , as formulated in the traditional language of creation and annihilation operatorsâ andâ † as 
Expanding the exponential in displacement operator and using the relationsâ|n = √ n|n − 1 andâ † |n = √ n + 1|n + 1 one can write the coherent states in terms of Fock states |n as
On the other hand, using, the orthonormality of Fock states ( n|m = δ nm ), the overlap of two coherent states reads
Let us now consider an N-mode state |Ψ (2) N expressed in terms of coherent states |α and |β as follows
where µ, α and β are generally complex numbers and M N is a factor normalizing |Ψ [22, 23, 24] . Recall that a general form of bipartite quantum state in the usual orthonormal basis |e i is 12) where d 1 and d 2 are dimensions of first and second part respectively. The norm of concurrence vector is defined as 13) where 
Moreover, when the state (2.12) is maximally entangled then C takes its maximum value
Returning to the particular problem at hand, one can transform the |Ψ 
where
As for general two-qubit pure state |ψ = a|00 + b|01 + c|10 + d|11 the concurrence (2.14)
reduces to C = 2|ad − bc|, one can immediately deduce that Eq. (2.10) has concurrence
in which we have defined µ = |µ|e iφ , α = |α|e iθ 1 and β = |β|e iθ 2 . We used the superscript (2) for concurrence of qubit-like states to distinguish it from that of qutrit like or other states in the next section. Before proceeding with explicit examples, let us pause to make some preliminary remarks on concurrence (2.18). The multi-mode (2.10) is separable if and only if µ = 0 or p = 1. The former is trivial and the latter implies that the state |α , is equal to |β , up to a phase factor, which is forbidden by our early assumption, i.e. linearly independent of |α and |µ|. This in turn requires that N = 2m. Since this equation has negative discriminant, µ, α and β must be real numbers.
Now, let us suppose that α, β and µ are real numbers and for simplicity we consider two-mode state |Ψ and 0.5 which shows that for µ > 0 the concurrence significantly decreases by increasing p, while for µ < 0 the changes are insignificant. A profile of concurrence is depicted in figure   3 as a function of p in range [0, 1] for different values of positive µ. As µ is increased, the concurrence grows to attain its maximum value C = 1 when p tend to zero namely |α and |β are orthogonal (α or β → ∞). It is instructive to compare the concurrence of the states
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Mixed states and monogamy inequality for multi-qubit case
Returning to the prototype multi-mode state (2.10) discussed earlier, let us focus on entanglement of mixed states that arise from (2.10) by partially tracing out some subsystem. To this end, let us consider the state (2.10) as three partitions A, B and D including m 1 , m 2 and 21) where
With this decomposition at hand, we can obtain the reduced density matrices ρ AB = T r D (|Ψ 
where C AB and C AD are the concurrences of the reduced density matrices of ρ AB and ρ AD respectively and C A(BD) is the concurrence of pure state |Ψ A and BD. The reduced density matrix ρ AB has the form 
with
(2.25)
The matrix R, associated to ρ AB , has two nonzero eigenvalues λ 1 , λ 2 (i.e. λ 3 = λ 4 = 0) where
The concurrence C AB can be represented diagrammatically as a function of 0 ≤ p < 1 and µ as shown in the figure 6. For negative µ the maximum value C AB occurs at µ = −1 when p → 1, while for positive µ the maximum occurs at µ = 1 and a point p < 1. Similar consequences hold for concurrence C AD (see figure 7) . On the other hand, if we define
then the positivity of τ ABD examine the monogamy inequality (2.23) (see figure 8 ). Figure 8 shows that the difference between the left and right-hand side of inequality (2.23) decrease by increasing p (see also figure 9 ). Later, in the next section we will revisit the monogamy inequality for qutrit states. 
It is tempting to add further terms to state (2.10) and explore its behavior from entanglement point of view. To this end, let us consider the N-mode state 27) where p 1 = α|β , p 2 = γ|β , p 3 = γ|α (for simplicity we assume that the all parameters are real) and
We again assume that the three non-orthogonal coherent states |α , |β and |γ are linearly independent and span a three-dimensional subspace of the Hilbert space. Therefore we can define three orthonormal basis as modes as the second part and rewrite (3.27) as 30) in which the new basis is defined as usual qutrit like basis
and
hence the |Ψ 
where 
2,3 as a function of µ 1 and µ 2 for p 1 = 0.9, p 2 = 0.89 and p 3 = 0.8.
We can now use the concurrence formulae (2.14) to evaluate the entanglement of bipartite state |ϕ N , i.e.
The concurrence C if p i = 0 and µ 1,2 = ±1 which means that it reduces to GHZ like states |Ψ
(|00 ±)|11 ± |22 ). We illustrate the behaviour of C given values p i in figure 10 . We note that the concurrence C that leads to the state 36) with the following concurrence
(3.37)
The behaviour of concurrence C
2,3 as a function of µ 1 and µ 2 for given p 1 is shown in figure   11 . 38) where
Mixed states and monogamy inequality for multi-qutrit case
One can easily obtain the reduced density matrices ρ AB = T r D (|Ψ 
If we take N = 20, m 1 = 1, m 2 = 2, p = 0.7 and µ 2 = 0.4, then the components of concurrence vectors C AB and C AD , for all µ 1 , read
, 0, 0), can immediately deduce that τ ABD becomes negative for µ 1 > 2.588 which is a violation of the inequality in Eq. (2.23). Clearly, for µ 1 < 2.588, the monogamy inequality is satisfied. The other example which fulfils the monogamy inequality is the state
2 ) for which we have C AB = C AD = 0 and
≥ 0, hence τ ABD ≥ 0 for all µ 1 and µ 2 . The extremum inequality is accomplished for µ 1 , µ 2 = ±1, namely
Separability of balanced N-mode coherent state
For completeness we mention that the separability of the aforementioned states, discussed above, refer to vanishing of all coefficients µ i , does not restrict to qubit and qutrit cases. To see this consider the following general balanced N-mode coherent state
where without loss of generality we can take µ 0 = 1. We wish to show that the above state is bipartite separable if and only if all µ i = 0, with i = 1, 2, ..., d − 1. Once again, to keep our discussion simple (yet generic in scope), let us focus attention on d = 3, 4 cases.
The term |a 11 a 22 − a 12 a 21 | is equal to last term 
Hence, the qutrit state |Ψ Case d = 4: One step further is to consider the following state
The last term of concurrence C 
, while the latter case contradicts the the vanishing of the terms
(4.45)
Hence both µ 2 , µ 3 = 0. On the other hand, the vanishing of the first term 
state: Even terms
In this section, we want to propose a scheme to produce the general balanced N-mode entangled coherent states. To this aim we first need to have the superposition of even and odd number of coherent states like as |α + µ|β and |α + µ 1 |β + µ 2 |γ , (up to normalization factors), and so on. In general, the superpositions of coherent states are difficult to produce, and fundamentally this could be due to extreme sensitivity to environmental decoherence (see, e.g., [14, 15, 29, 30, 31, 32, 33] ). Here we restrict ourselves to the even cases. One may use the displacement operator together with parity operation [34, 35] , to construct the unitary 
We consider 50 − 50 beam splitter, i.e. θ = π/4 with the following operation
This result says that like classical light wave where the incident intensity is evenly divided between the two output beams, e.g. half the incident average photon number,
, emerges in each beam. Note that the output is not entangled. For producing entangled coherent state suppose that our input state be a superposition of two coherent states as |α 1 + µ 1 |β 1 .
Following the procedure above, we may then, obtain the output state aŝ we have |α 1 |α 2 +µ 1 |β 1 |β 2 , which is a two-mode entangled coherent state. In order to obtain the three-mode entangled coherent states we use two beam (see figure 13) . The scheme to generate N-mode entangled coherent state with N odd is under debate. As mentioned above, the problem is to produce the superposition of arbitrary coherent states. For example a cat state |α ± = |α ± | − α , served as a qubit for quantum logical encoding, can be easily produce in a Kerr medium [7] while the problem of generating discrete superpositions of coherent states in the process of light propagation through a nonlinear Kerr medium, which is modelled by the anharmonic oscillator, is rather restricted [36, 37, 38] . But in general the problem, even in the rather simple case |α + |β + |γ , is open under debate.
Conclusion
In summary, we have introduced generalized balanced N-mode entangled coherent states |Ψ 
